Conformal 2-manifolds possess a fascinatingly rich and elegant theory which can be viewed in many ways: it is the theory of Riemann surfaces in complex analysis, or of complex curves in algebraic geometry. In this paper, a purely di erential geometric point of view will be taken, the aim being to introduce two geometric structures that a conformal 2-manifold might be equipped with, and to study the relationship between them. These structures are closely related to the projective and a ne structures of Riemann surface theory.
Conformal 2-manifolds possess a fascinatingly rich and elegant theory which can be viewed in many ways: it is the theory of Riemann surfaces in complex analysis, or of complex curves in algebraic geometry. In this paper, a purely di erential geometric point of view will be taken, the aim being to introduce two geometric structures that a conformal 2-manifold might be equipped with, and to study the relationship between them. These structures are closely related to the projective and a ne structures of Riemann surface theory.
The rst structure can be viewed as a nonintegrable or nonholomorphic version of a complex projective structure, and will be called a M obius structure. An integrable or at M obius structure on a conformal 2-manifold induces a complex projective structure: the manifold possesses an atlas whose transition functions are complex M obius transformations. However, contrary to common usage 9], the M obius structures discussed herein are not necessarily integrable: they possess a curvature, analogous to the Cotton-York tensor of a conformal 3-manifold, whose vanishing is equivalent to integrability. M obius structures are also di erent from real projective structures, in much the same way as conformal and real projective structures di er in higher dimensions. (In one dimension, M obius and real projective structures do coincide and are always integrable.)
The other topic of interest here is Einstein-Weyl geometry 3, 8, 14] . This is the geometry of a conformal manifold equipped with a compatible (or conformal) torsion free connection, such that the symmetric tracefree part of the Ricci tensor of this connection vanishes. These manifolds generalise Einstein manifolds in a natural way, and have been investigated in some detail recently (see 2, 6, 8] and references therein). In 11], Pedersen and Tod posed the problem of classifying compact two dimensional Einstein-Weyl manifolds|the possible geometries of compact three dimensional Einstein-Weyl manifolds have been classi ed (locally) by Tod 13] . However, the de nition just given of an Einstein-Weyl manifold is vacuous in the two dimensional case and Pedersen and Tod did not o er an alternative de nition. One of the main goals of this paper is to give explicitly such a de nition and present a classi cation of the compact orientable examples. 1
In the rst section the conformal and complex analytic descriptions of surfaces are summarised and compared. In particular the Cauchy-Riemann equations on various complex line bundles are identi ed as conformally invariant di erential operators. Tha aim here is both to illustrate the special features of two dimensional conformal geometry, and to relate it to the higher dimensional case. In section 2, M obius structures are de ned, together with the corresponding notion of Schwarzian derivative, which generalises a definition of Osgood and Stowe 10] . The relationship with the usual Schwarzian derivative of complex analysis is discussed and it is shown that a at M obius structure is a complex projective structure. In section 3, Einstein-Weyl structures on surfaces are de ned, and compared to the higher dimensional geometries. The de nition is equivalent to a contracted Bianchi identity for the compatible torsion free connection. More Then if the genus of M is greater than one, the Einstein-Weyl structure is de ned by a compatible metric of constant curvature.
Since metrics of constant curvature on compact surfaces are well understood, it remains to classify the Einstein-Weyl structures on the sphere and the tori. This classi cation is carried out in the nal section. The solutions come in one parameter families with the constant curvature metrics as limits.
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Natural bundles and operators on a conformal surface
The elegance of analysis on a conformal 2-manifold M is largely due to the fact that M is equivalently (if oriented) a complex 1-manifold. This will be viewed, half-jokingly, as a twistor correspondence for two dimensional conformal geometry: the twistor space of an oriented conformal 2-manifold is the manifold itself, thought of as a holomorphic curve. In the unoriented situation, the twistor space could be taken to be the oriented double cover.
In this section some of the bundles and di erential operators arising naturally on a conformal surface will be discussed, together with the corresponding (i.e., the same!) objects on the twistor space. Firstly, however, the notion of a density will be reviewed, since this will be crucial in the sequel. 2 1.1. De nition. Let V be a real n-dimensional vector space and w any real number. Then a density of weight w or w-density on V is a map : ( n V ) r 0 ! R such that ( !) = j j ?w=n (!) for all 2 R and ! 2 ( n V ) r 0. . The notion of density also allows one to de ne a conformal structure, not as an equivalence class of inner products, but a genuine inner product:
1.3. De nition. A conformal structure on a manifold M is an L 2 valued inner product on TM. More precisely it is a section c 2 C 1 (M; L 2 S 2 T M) which is everywhere positive de nite. It will always be assumed that c is normalised in the sense that j det cj = 1. As is well known, any conformal 2-manifold is conformal at (the existence of isothermal coordinates), so the almost complex structure J is integrable and TM is a holomorphic line bundle. 3
1.4. Notation. When tensoring a vector bundle with some L w (over R), the tensor product sign will often be omitted. More generally there are the following correspondences between complex and conformal geometric objects: There is no preferred choice of Weyl derivative and so it is important to know how di erent choices are related. The dependence of the normalised Ricci tensor on D is given as follows. 
M obius structures
The geometry of Weyl derivatives on conformal 2-manifolds is impoverished by the absense of a symmetric tracefree Ricci tensor analogous to r D 0 . The aim of this section is to repair this by introducing M obius structures, which provide a notion of conformal structure in two dimensions more closely analogous to the higher dimensional case.
Firstly, by way of motivation, the one dimensional case will be considered. A 1-manifold automatically carries a conformal structure in the conventional sense, but it is more natural to de ne a conformal (or M obius) 1-manifold as a 1-manifold equipped with a (real) projective structure. One de nition of a real projective structure on an n-manifold is a SL(n+1; R)-connection on J 1 L n=(n+1) such that germs of parallel sections are holonomic. This connection is equivalently given by a Hessian: a second order linear di erential operator from L n=(n+1) to S 2 T M L n=(n+1) whose symbol is the identity.
On a 1-manifold this Hessian becomes a Laplacian from L 1=2 to L ?3=2 . Higher dimensional conformal manifolds automatically possess a Laplacian from L (2?n)=2 to L (?2?n)=2 , namely the conformal Laplacian mentioned at the end of the previous section. The fact that there is no such operator in one dimension is related to the absence of scalar curvature. The solution is to introduce a choice of Laplacian as extra structure.
In two dimensions, however, the Laplacian does make sense, but there is another second order operator, the conformal tracefree Hessian, which exists in higher dimensional conformal geometry, but has no two dimensional analogue. ) 2 where g is a Riemannian metric on M. This is the canonical structure of the induced conformal structure i g is Einstein. The generalisation to Einstein-Weyl geometry will be explained in the next section.
Firstly, though, some of these remarks and terms require further justi cation. An initial step in this direction is the following easy fact.
2.3. Proposition. M obius structures (compatible with a given conformal structure) form an a ne space modelled on the smooth sections of S 2 0 T M. In two dimensions, this is the space of smooth quadratic di erentials. 9] for an exposition of this). M obius structures can be used to reinterpret and generalise these results, but here the focus will be on the two dimensional case, since in higher dimensions it seems natural to work with the canonical M obius structure, making the choice of M obius structure less interesting.
In fact there is a canonical M obius structure also in two dimensions, but the construction is deep and global in contrast to the simple local formula in higher dimensions. To see this, it is rst necessary to look at the basic example of a M obius structure on a domain in the Riemann sphere.
The complex a ne structure on the conformal plane identi es it, up to a choice of origin and real axis, with C . Using this it is straightforward to write down a M obius structure as follows. If = f is a section of L 1 , where f is a function and is a constant section, then:
Here d=dz denotes the complex linear part of the derivative (which will also be denoted by a prime) and dz 2 is a quadratic di erential.
The claim is that this M obius structure is invariant under M obius transformations: more precisely, the Schwarzian derivative de ned above reduces to the usual Schwarzian is the usual Schwarzian. This proves the claim. It now follows that any complex projective curve has a canonical M obius structure. A M obius structure which arises in this way will be called integrable. Now the universal cover of any conformal surface is conformally di eomorphic to the sphere, the plane or the disc (The Uniformisation Theorem) and the conformal transformations of these spaces are all M obius. It also follows that any conformal surface admits a preferred integrable M obius structure, although this structure depends on the global properties of the surface.
Not all M obius structures are integrable, however. They possess a curvature analogous to the Cotton-York tensor of a conformal 3-manifold. The operator H is equivalently given by a subbundle R 2 of J 2 L, which are the 2-jets of formal solutions. If a M obius structure is at then then this di erential equation H is completely integrable. The proof of this is a straightforward exercise in the formal theory of di erential equations 12] and is sketched in the appendix. The integrability in this case means that R 2 carries a at connection whose parallel sections correspond to local solutions of H. This is completely analogous to the integrability, in higher dimensions, of conformal structures with vanishing Cotton-York or Weyl curvature in higher dimensions|for similar proofs in the higher dimensional case, see 1, 7] . Alternatively, M obius structures could be de ned using Cartan connections, reducing integrability questions to the method of equivalence. However, I feel that a description of a geometric structure in terms of a Cartan connection should be a theorem rather than a de nition, and the construction of a connection on R 2 essentially establishes this theorem.
It remains to check that an integrable M obius structure induces a complex projective structure. This is a consequence of the following observations. 9
The local solutions of H parallelise R 2 . R 2 possesses a natural Lorentzian quadratic form on each bre which is preserved by parallel transport.
The symbol of R 2 de nes a null line in each bre and this section of the bundle of null lines is not parallel, but in fact a local di eomorphism into the space of parallel sections. The Lorentzian structure is induced by the scalar curvature: for any positive section of L 1 , the scalar curvature of the corresponding metric de nes a function scal 2 on M.
At each point, this function only depends on the 2-jet of and so makes sense as a quadratic form on J 2 L. The other properties are more or less straightforward: for further details again see 1, 7] . The space of null lines in a Lorentzian vector space is the sphere with its natural projective structure and these local di eomorphisms provide the required projective charts. Much of the theory of Einstein-Weyl manifolds, as described for instance in 2, 6], applies to the two dimensional case without substantial change. In some cases the two dimensional proof is simpler, an important such example being the existence of a Gauduchon gauge. Proof. This is an immediate consequence of Hodge theory for harmonic 1-forms in two dimensions.
A remarkable feature of the Gauduchon gauge on a compact Einstein-Weyl manifold is that the Gauduchon 1-form is dual to a Killing eld of the Gauduchon metric 13]. This is closely related to the existence of a Gauduchon constant 6] generalising the constant scalar curvature on an Einstein manifold. The two dimensional formulation is as follows. M, it is convenient to introduce a constant A such that ! g is dual to AK. In this situation it is no longer necessary to assume M is compact, and the metric case is A = 0.
The Einstein-Weyl equations may be integrated locally as follows. Let U be an open subset of M di eomorphic to a domain in C and on which K is nonvanishing. Since K is holomorphic, isothermal coordinates x + it may be chosen locally such that K = @=@t. The Gauduchon metric is then of the form g = v 2 The two forms given in each case are equivalent by period translation, but behave di erently in the limit k ! 1 when the (real) period becomes in nite: cn and dn both reduce to sech, whereas sd and nd reduce to sinh and cosh. The sech solution corresponds to C = 0 and gives a nonexact Einstein-Weyl structure on R 2 or S 1 R, whereas the hyperbolic solutions arise when A = 0 and the Einstein-Weyl structure is the hyperbolic metric. In the limit k ! 0, cn! cos, sd! sin, while dn,nd! 1. These limits therefore give the spherical metric and the at Weyl structure. It remains to consider when these solutions are de ned on a compact surface (necessarily of genus less than two, since only these admit metrics with Killing elds). If w ranges over a half-period of cn or sd, (1) gives a one parameter family of global solutions on S 2 , whereas dn and nd are periodic and nonvanishing, and so the solutions in (2) are de ned on each torus S 1 S 1 . This last example is interesting from the point of view of Einstein-Weyl geometry, since in higher dimensions compact Einstein-Weyl manifolds with nontrivial Faraday curvature necessarily have nite fundamental group.
5 Appendix: Integrability of M obius structures
In this appendix, I sketch the proof that the subbundle R 2 of J 2 L, corresponding to a M obius structure H, carries a natural connection whose curvature is given by the CottonYork tensor of H. The proof is not central to the main thrust of the paper, and will perhaps seem rather obscure to readers not familiar with the formal theory of di erential equations. It is possible to convert the following into detailed and explicit calculations bypassing this conceptual framework, but I will not attempt that here.
The symbol g 2 of R 2 is the line bundle of tracelike tensors in S 2 T L and R 2 is an extension of J 1 L by g 2 . The induced rst order equation on L is trivial and so one sets g 1 = T L.
The prolongation of R 2 is the bundle R 3 = J 1 R \ J 3 L J 1 J 2 L, which may be viewed as a third order di erential equation on L, or a rst order di erential equation on 13 the bundle R 2 . It is the latter point of view which will be pursued. The corresponding di erential operator is the restriction of the jet derivative to R 2 J 2 L, this being the rst order operator from J 2 L to T ^J 2 L := T J 2 L S 3 T L characterising the holonomic sections of J 2 L.
Since the prolongation g 3 = T g 2 \ S 2 T g 1 of the symbol is zero, the natural map from T R 2 to T ^J 2 L is injective. The rst obstruction to the integrability of R 2 is the failure of the jet derivative to take values in this bundle, and hence takes values in T ^J 2 A calculation now shows that the integrability obstruction is a rst order operator on L whose symbol is Weyl curvature, which in two and three dimensions reduces to the Cotton-York curvature.
